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We present work in progress about concurrent monads, an extension of monads designed to model paral-
lel composition of programs. We take an algebraic perspective on concurrent monads via abstract clones,
introducing a notion of concurrent clone and showing its correspondence to concurrent monads. We show
preliminary results characterizing free concurrent clones using labelled partial orders (pomsets), and conclude
with a discussion of promising research directions.

1 Background

Strong monads and algebraic effects [11, 15] have been successful both in semantics of effectful
programs and for structured programming with effects, for example through Haskell’s monads
or via effect handlers [16]. Recently, there has been much interest in extending these models and
techniques to concurrent computation: effect handlers underlie powerful concurrency libraries
e.g. [14, 19], while algebraic theories have been proposed for shared-state concurrency [1, 5, 6] and
process calculi [20, 21].

Another viewpoint, proposed by Rivas and Jaskelioff [17], is that of concurrent monads: a monad
with extra structure || : TX X TY — T(X X Y) for parallel composition, which performs two
computations in parallel and collects their return values. Crucially, each TX carries a partial order
and || must satisfy a version of the weak interchange law from concurrent Kleene algebra [8]:
(allb); (c|ld) < (a;c)||(b;d). Concurrent monads have since been studied in ordered monoidal
categories with applications to shared state [18], and in 2-dimensional categories [4, 13] with
applications to concurrent game semantics and continuation semantics. In this work in progress,
we study concurrent monads through the perspective of algebraic theories.

2 Concurrent monads and clones

We work with finitary monads on the category of sets, which have a well-known correspondence
to algebraic theories [9, 10]. In practice, we think of such theories T as abstract clones, defined like
Kleisli triples except TX appears only when X is a finite set {1, ..., n}. (We often denote the set
{1,...,n} asn.) Then T(n) is the set of equality classes of terms with n free variables, or equivalently
the free model of the theory T on the set {x,...,x,}.

By analogy with clones, we propose a notion of concurrent clone that corresponds to the concur-
rent monads of Rivas and Jaskelioff [17] (whose definition we omit for brevity).

Definition 2.1. A concurrent clone is an ordinary clone (T, , >=) with a partial order <7, on each
set T(n) and with a family of functions », ,, intuitively running computations in parallel:
sn : T(m) X T(n) — T(m X n)

We require = to be associative, commutative, and have 7 () as unit, and * to be natural in both m
and n with respect to set functions. Moreover, = and * are required to be monotone with respect
to the order on each T(n) and to satisfy the weak interchange law:

(axb)>= A0, j)-f(i) *9(J) St@mxn) (a3=f)*(b>=g).
forae T(m),beT(n),f:m—>T(m),g:n—T().
Example 2.2 (Corresponding to the concurrent monad of [17, Example 4.18]). Let ¥ be an alphabet of
symbols. Let Tx(n) contain finite sets of traces consisting of elements of ¥ and ending in a variable

from n: Ts(n) := Pr(X* X n). The order on Ts(n) is subset inclusion and the parallel composition *
is given by interleaving of traces. This structure makes Ty into a concurrent clone.
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THEOREM 2.3. To give a concurrent monad in the sense of Rivas and Jaskelioff [17, Definition 4.13]
is equivalent to giving a concurrent clone in the sense of Definition 2.1.

The proof relies on the existing correspondence between ordinary clones and finitary monads. A
clone induces a monad via left-Kan extension along an inclusion functor, and this same construction
can be extended to the concurrent structure.

3 Free concurrent clones

In the usual setting, free monads correspond to theories with no equations: the free monad at X is
the set of trees with nodes labelled by operations and leaves by X. Manipulating these trees forms
the basis of programming with algebraic effects [16]. We seek an analogous characterization of
free concurrent clones, using series-parallel pomsets, as defined for example by Gischer [7].

Definition 3.1 ([7]). Fix an alphabet 3. A pomset (P, <, ) is a partially ordered set with a labelling
function £ : P — X. We consider pomsets up to label-preserving order isomorphism. Parallel
composition, P; |P,, takes the disjoint union of the elements, orders and labellings; series composition,
Py - P,, does the same but additionally places every element of P; below every element of P,. A
series-parallel pomset is either empty or a pomset obtained by series and parallel composition
starting from singleton pomsets. The subsumption order < relates two pomsets P; and P, with the
same elements and labelling as follows: P; < P, iff the order of P, is contained in that of P;.

Intuitively, a pomset is a program performing observable actions (its labels from X), with the
order encoding their observable dependencies. In the pomset {p < 01, p < 02}, action p happens
first, after which o7 and o, may occur concurrently or in either order.

Example 3.2. Let P and SP be the sets of pomsets and of series-parallel pomsets respectively,
for a fixed alphabet X. We can construct concurrent clones Tp and Tgp as Tp(n) = n X P and
Tsp(n) = n X SP. In both cases, the order is given by subsumption in the second argument:
(i,P;) £ (i,P,) iff P; < P,. The bind, ==, and parallel composition, #,, ,, extend the series and
parallel composition of pomsets; the unit is the empty pomset (). The weak interchange law holds
by definition of subsumption.

In fact, (P, -, |,0) and (SP, -, |, @) are concurrent monoids 8], also known as ordered bimonoids
satisfying weak interchange [2]. The construction we used in Example 3.2 can be applied to any
concurrent monoid to obtain a concurrent clone. The next theorem relies on (SP, -, |, 0) being the
free concurrent monoid on the set of generators ¥ [2, Appendix A1].

THEOREM 3.3. Consider the fixed alphabet 3 as a signature of unary operations (i.e. a functor from
finite sets to sets). Then Tgp from Example 3.2 is the free concurrent clone on the signature 3.

4 Prospects

Our next step is to characterize free concurrent clones, as in Theorem 3.3, for signatures X with
multi-ary operations—for instance an operation that reads a value stored in memory and branches
depending on this value. Viewing the operations of ¥ as effects, this is a step towards modelling
concurrent programming with algebraic effects.

To achieve this characterization of free clones, we have two promising directions. One is to
replace pomsets with event structures [12], using a conflict relation to model the distinct branches
of a computation tree. We will need to define a subsumption order on event structures, possibly
in terms of their maps [22]. Another direction is to add a non-deterministic choice operation to
concurrent clones, with unit and suitable equations. We already characterize such free clones on
multi-ary signatures as containing downward-closed sets of series-parallel pomsets, and expect to
recover the free clone without non-determinism as a sub-clone, using techniques similar to [3].
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